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we can list its elements in a sequence as a;1, a2, @;3, .. .. The
elements of the set | J_, A; can be listed by listing all terms
a;; withi 4 j =2, then all terms a;; with i + j = 3, then all
terms a;; with i + j =4, and so on. ~ 43. There are a finite
number of bit strings of length m, namely, 2”. The set of all
bit, strings is the union of the sets of bit strings of length m for
m=20,1,2,.... Because the union of a countable number
of countable sets is countable (see Exercise 41), there are a
countable number of bit strings. ~ 45. For any finite alphabet
there are a finite number of strings of length n, whenever n is
a positive integer. It follows by the result of Exercise 41 that
there are only a countable number of strings from any given
finite alphabet. Because the set of all computer programs in
a particular language is a subset of the set of all strings of
a finite alphabet, which is a countable set by the result from
Exercise 36, it is itself a countable set. 47. Exercise 45
shows that there are only a countable number of computer
programs. Consequently, there are only a countable number of
computable functions. Because, as Exercise 46 shows, there
are an uncountable number of functions, not all functions are
computable.

Supplementary Exercises

1.a)A b)ANB ¢A-B dANB eADB
3.Yes 5.A—(A-B) = A—(ANB) = AN(ANB) =
AN(AUB)=(ANAYU(ANB)=0U(ANB)=ANB
7.LetA={1},B=0,C = {1}. Then(A — B) — C =, but
A—(B—-C)={1}. 9.No. For example, let A=B =
{a,b}, C =@, and D = {a}. Then (A—B)—(C—-D)=
#—0 = @, but (A—C)— (B —D)={a,b}—{b} ={a}.
11.2) |4 < |ANB| < |A| < |[AUB| < |U] b) 19| <
|A—B|<|A®B|<|AUB|<|A|+|B] 13.a) Yes,no
b) Yes,no ¢) f has inverse with f~'(a) =3, f7(b) = 4,
fYe)=2, f~(d)=1; ghasnoinverse. 15.Let f(a) =
f)=1, f(c)= fd)=2, S={a,c}, T ={b,d}. Then
fNT)= f(@)=9,but f(S)N f(T)={1,2}n{1,2} =
{1,2}. 17.Letx € A. Then S;({x}) ={f(») |y € {x}} =
{f(x)}. By the same reasoning, S,({x}) = {g(x)}. Because
Sy = Sg, we can conclude that { /(x)} = {g(x)}, and so nec-
essarily f(x) = g(x). 19.The equation is true if and only
if the sum of the fractional parts of x and y is less than 1.
21. The equation is true if and only if either both x and y are
integers, or x is not an integer but the sum of the fractional
parts of x and y is less than or equal to 1. 23.If x is an
integer, then |x] + [m — x] =x + m —x = m. Otherwise,
write x in terms of its integer and fractional parts: x = n + €,
where n = x| and 0 < € < 1. Inthis case |x] + |[m —x] =
In+el+m—-n—€l=n+m-n—-1=m-1
25.Write n=2k+1 for some integer k. Then n*=
482 + 4k +1, so n?/4 = k* + k + }. Therefore, [n%/4] =
K+k+1.But (n+3)/4=(@4k* +4k +14+3)/4 = k> +
k+1. 27.Letx =n+ (r/m)+ €, where n is an integer, r
is a nonnegative integer less than m, and € is a real number
with 0 < € < 1/m. The left-hand side is |[nm +r + me| =
nm + r. On the right-hand side, the terms |x | through |x +
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(m +r —1)/m] are all just n and the terms from |x + (m —
r)/m] onare all n + 1. Therefore, the right-hand side is (m —
rm+r(n+1)=nm+r, as well. 29.101 3l.q;=1;
ayuy) =N -ay, for all n > 0; and ay, = n + ay,—; for all
n > 0. The next four terms are 5346, 5353, 37471, and
37479.

CHAPTER 3
Section 3.1
l.max:=1,i:=2, max:=8, i :=3, max := 12, i :=4,
i:=51i:=6i:=7 max:=14,i:=8,i:=9, i :=10,
i=11
3. procedure sum(ay, ..., a,: integers)

sum = a

fori :=2ton
sum = sum + a;
{sum has desired value}
5. procedure duplicates (ay, a, . . ., a,: integers in
nondecreasing order)
k := 0 {this counts the duplicates}
ji=2
while j <n
begin
ifa; = a;_; then
begin
k:==k+1
Ck:=aj
while (j <nanda; =¢;)
j=j+1
end
ji=j+1
end {ci, ¢y, ..., ¢ is the desired list}
7. procedure last even location(a,,a, . . . ,ay,: integers)
k=0
fori :=x1ton
ifa; iseventhen k :=i
end {£ is the desired location (or 0 if there are no evens)}
9. procedure palindrome check(aa; . . . a,: string)
answer = true
fori:=1to [n/2]
if a; # a,.1—; then answer := false
end {answer is true iff string is a palindrome}
11. procedure interchange(x, y: real numbers)
z:=x
x:=y
yi=z
The minimum number of assignments needed is three.
13.Linearsearch:i := 1,i :=2,i :=3,i :=4,i :=5,i :=6,
i :=7, location := 7, binary search: i :=1, j := 8, m :=4,
i=5m:=6,i:=7,m:=17,j:=1,location =17
15. procedure insert(x, ay, ay, . .., ay: integers)
{the listis in order: a; < a; < --- < a,}
A1 i=x+1
i=1
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while x > a;
i=i+1
for j:=0ton—i
Ap—j+1 = Ap—j
a =x
{x has been inserted into correct position}
17. procedure first largest(ay, . . . , ay: integers)
max = a,
location := 1
fori:=2ton
begin
if max < a; then
begin
max = a;
location = i
end
end

19. procedure mean-median-max-min(a, b, c: integers)
mean = (a+b+c)/3
{the six different orderings of a, b, ¢ with respect
to > will be handled separately}
ifa > b then
begin
if b > ¢ then
median := b;max := a;min := ¢
end

(The rest of the algorithm is similar.)
21. procedure first-three (ay, ay, . . ., a,: integers)
ifa; > a; then interchange a; and a,
if a; > a; then interchange a; and a3
if a; > a; then interchange a; and a,

23. procedure onto(f: function from A to B where

A={ay,...,an}, B=1{by,....bn},a1,...,an,
by, ..., by are integers)
fori :=1tom
hit(b;) =0
count :=0
for j:=1ton
if hit(f(a;)) = O then
begin

hit(f(a;)) =1
count := count + 1
end
if count = m then onto := true
else onto := false

25. procedure ones(a: bit string, a = aja; .. . a,)
ones:= 0
fori:=1ton
begin
ifa; := 1 then
ones := ones + 1
end {ones is the number of ones in the bit
strings a}
27. procedure ternary search(s: integer, ay,ay, . .., ay:
increasing integers)

29.

31

33.
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i=1
Jji=n
whilei < j — 1
begin
I=1G+j)/3]
u=120+j)/3]
ifx >a, theni :=u+1
else if x > g; then
begin
=141
Jji=u
end
else j :=1
end
if x = a; then location := i
else if x = a; then location := j
else location := 0
{location is the subscript of the term equal to x
(0 if not found)}

procedure find a mode(a,, ay, . . ., a,: nondecreasing
integers)
modecount := 0
i=1
while; <n
begin
value := a;
count :=1
while i < n and a; = value
begin
count := count + 1
i=i+1
end
if count > modecount then
begin
modecount := count
mode := value
end
end
{mode is the first value occurring most often}
procedure find duplicate(ay, ay, . . ., ay: integers)
location := 0
i=2
while i < n and location =0
begin
ji=1
while j < i and location = 0
if a; = a; then location := i
else j :=j+1
i=i+1
end
{location is the subscript of the first value that
repeats a previous value in the sequence}
procedure find decrease(a;, a, . . ., a,: positive
integers)
location := 0
i=2
while i < n and location = 0
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if a; < a;_, then location := i
elsei :=i+1
{location is the subscript of the first value less than
the immediately preceding one}
35. At the end of the first pass: 1, 3, 5, 4, 7; at the end of the
second pass: 1, 3,4, 5, 7; at the end of the third pass: 1, 3, 4,
5, 7; at the end of the fourth pass: 1, 3,4, 5,7
37. procedure better bubblesort (a, . . ., ay: integers)
i :=1; done : = false
while (i < n and done = false)
begin
done : = true
forj:=1ton—i
ifa; > a;,| then
begin
interchange a; and a4,
done : = false
end
it=i+1
end {a}, ..., a, is in increasing order}
39. Atthe end of the first, second, and third passes: 1, 3, 5, 7, 4;
at the end of the fourth pass: 1,3,4,5,7 4l.a)l, 5,
4,3, 2,1,2,4,3,5 1,2 3,45, 1,2 3, 45
b)1,4,3,2,51,2,3,4,5,1,2,3,4,5 1,2,3,4,5
¢)1,2,3,4,5/1,2,3,4,5,1,2,3,4,5,1,2,3,4,5
43. We carry out the linear search algorithm given as Algo-
rithm 2 in this section, except that we replace x # a; byx < a;,
and we replace the else clause with else location :=n + 1.
45.24+3+4+44 - +n=mn>+n-2)/2 47.Findthe lo-
cation for the 2 in the list 3 (one comparison), and insert it
in front of the 3, so the list now reads 2, 3,4, 5, 1, 6. Find
the location for the 4 (compare it to the 2 and then the 3),
and insert it, leaving 2, 3, 4, 5, 1, 6. Find the location for the
5 (compare it to the 3 and then the 4), and insert it, leaving
©2,3,4,5,1,6. Find the location for the 1 (compare it to the
3 and then the 2 and then the 2 again), and insert it, leaving
1,2,3,4,5, 6. Find the location for the 6 (compare it to the 3
and then the 4 and then the 5), and insert it, giving the final
answer 1,2,3,4,5,6.
49. procedure binary insertion sort(ay, ay, .. ., ay:
real numbers with n > 2)
for j:=2ton
begin
{binary search for insertion location i}
left := 1
right :== j — 1
while left < right
begin
middle = |(left + right)/2]
ifa; > apigae then left := middle + 1
else right := middle
end
ifa; < aptheni = leftelsei :=left + 1
{insert a; in location i by moving a; through a;_,
toward back of list}
m:=a;
fork:=0toj—i—1
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Aj—f ‘=ajk-1
a =m
end {a, ay, ..., a, are sorted}
51. The variation from Exercise 50 53.a) Two quarters,
one penny  b) Two quarters, one dime, one nickel, four pen-
nies c) A three quarters, one penny  d) Two quarters, one
dime 55. Greedy algorithm uses fewest coins in parts (a),
(c), and (d). a)Two quarters, one penny b) Two quar-
ters, one dime, nine pennies ¢) Three quarters, one penny
d) Two quarters, one dime  57. a) The variable f will give
the finishing time of the talk last selected, starting out with f
equal to the time the hall becomes available. Order the talks in
increasing order of the ending times, and start at the top of the
list. At each stage of the algorithm, go down the list of talks
from where it left off, and find the first one whose starting time
is not less than f. Schedule that talk and update f to record its
finishing time.  b) The 9:00-9:45 talk, the 9:50-10:15 talk,
the 10:15-10:45 talk, the 11:00-11:15 talk ~ 59. a) Here we
assume that the men are the suitors and the women the suitees.
procedure stable(M,, M;, ..., Mg, W\, W, ..., W
preference lists)
fori:=1tos
mark man i as rejected
fori:=1tos
set man i’s rejection list to be empty
for j:=1tos
set woman j’s proposal list to be empty
while rejected men remain
begin
fori:=1tos
if man i is marked rejected then add i to the
proposal list for the woman j who ranks highest
on his preference list but does not appear on his
rejection list, and mark i as not rejected
for j:=1tos
if woman ;s proposal list is nonempty then
remove from j’s proposal list all men i
except the man iy who ranks highest on her
preference list, and for each such man i mark
him as rejected and add ; to his rejection list
end
for j:=1tos
match j with the one man on ;s proposal list
{This matching is stable.}
b) There are at most s iterations of the while loop, so the
algorithm must terminate. Indeed, if at the conclusion of the
while loop rejected men remain, then some man must have
been rejected and so his rejection list grew. Thus, each pass
through the while loop, at least one more of the s possible
rejections will have been recorded, unless the loop is about
to terminate. Furthermore, when the while loop terminates,
each man will have one pending proposal, and each woman
will have at most one pending proposal, so the assignment
must be one-to-one.  ¢) If the assignment is not stable, then
there is a man m and a woman w such that m prefers w to the
woman w’ with whom he is matched, and w prefers m to the
man with whom she is matched. But m must have proposed



S-19

to w before he proposed to w’, because he prefers the for-
mer. Because m did not end up matched with w, she must
have rejected him. Women reject a suitor only when they
get a better proposal, and they eventually get matched with
a pending suitor, so the woman with whom w is matched
must be better in her eyes than m, contradicting our original
assumption. Therefore the marriage is stable.  61. Run the
two programs on their inputs concurrently and report which
one halts.

Section 3.2

1. The choices of C and k are not unique. a) C = 1, k = 10
b)C=4,k=7 ¢)No d)C=5k=1 ¢ C=1k=0
DC=1k=2 3.x*+9>+4x+7 <4x* for all x >
9; witnesses C =4, k=9 5. (x> +1)/x+D)=x—1+
2/(x + 1) < xforallx > 1;witnessesC = 1,k =1 7.The
choices of C and k are not unique. a)n=3,C =3,k=1
b)n=3,C=4k=1 ¢)n=1,C=2,k=1 dyn=0,
C=2 k=1 9.x2+4x+17<3x3 for all x > 17, so
x2 4 4x 4 171is O(x3), with witnesses C = 3, k = 17. How-
ever, if x> were O(x? 4 4x + 17), then x> < C(x? +4x +
17) < 3Cx? for some C, for all sufficiently large x, which
implies that x < 3C for all sufficiently large x, which is im-
possible. Hence, x? isnot O(x2 +4x + 17).  1L.3x*+1 <
4x* = 8(x*/2) for all x > 1, so 3x* + 1 is O(x*/2), with
witnesses C = 8, k= 1. Also x*/2 < 3x*+1 for all x >
0, so x*/2 is O(3x*+ 1), with witnesses C =1, k = 0.
13. Because 2" < 3" forall n > 0, it follows that 2" is O(3"),
with witnesses C = 1, k = 0. However, if 3" were O(2"),
then for some C, 3" < C - 2" for all sufficiently large n. This
says that C > (3/2)" for all sufficiently large n, which is
impossible. Hence, 3" is not O(2").  15. All functions for
which there exist real numbers k and C with |f(x)| <C
for x > k. These are the functions f(x) that are bounded
for all sufficiently large x.  17. There are constants C;, C5,
ki, and kp such that | f(x)| < Cy|g(x)| for all x > k; and
|g(x)| < Ca|h(x)| for all x > k,. Hence, for x > max(ki, k)
it follows that |f(x)] < Cilg(x)| < CiCslh(x)|. This
shows that f(x) is O(h(x)). 19.2) 0(n®)  b) O(n’)
¢) O(n’ - n!) 21.2) O(n?logn) b) O(n*(logn)?)
¢) O(n*") 23.a) Neither ©(x?) nor Q(x?) b) O(x?) and
Q(x?) c¢) Neither O(x?)nor Q(x2)  d) Q(x2), but not O(x?)
€) Q(x?),butnot O(x?) ) Q(x?)and O(x2) 25.1If f(x)is
©(g(x)), then there exist constants C; and C, with C|g(x)| <
[f@)] < Calg(x)l. It follows that | f(x)| < C2lg(x) and
lg(x)l < (1/C)If(x)| for x > k. Thus, f(x) is O(g(x)) and
g(x) is O(f(x)). Conversely, suppose that f(x) is O(g(x))
and g(x) is O(f(x)). Then there are constants C}, C,, ki,
and k; such that | f(x)| < Ci|g(x)| for x > k; and |g(x)| <
Cy| f(x)| for x > k,. We can assume that C; > 0 (we can al-
ways make C; larger). Then we have (1/C,)|g(x)| < | f(x)| <
Cilg(x)| for x > max(k;, k2). Hence, f(x) is ©O(g(x)).
27.1f f(x) is ©(g(x)), then f(x) is both O(g(x)) and
(g(x)). Hence, there are positive constants C, kj, C,, and
ky such that | f(x)| < C,|g(x)| for all x > k; and | f(x)| >
Cilg(x)| for all x > k. It follows that C;|g(x)| < |f(x)] <
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C|g(x)| wheneverx > k,where k = max(k;,k;). Conversely,
if there are positive constants C;, C,, and k such that
Cilgx)|l < 1f(x)] < Calg(x)| for x > k, then taking k; =
ky = k shows that f(x) is both O(g(x)) and ©(g(x)).

29. Cr(x)

fx)

Cig(x)

1
k x

31. If f(x) is ©(1), then | f(x)| is bounded between pos-
itive constants C; and C,. In other words, f(x) cannot
grow larger than a fixed bound or smaller than the nega-
tive of this bound and must not get closer to 0 than some
fixed bound.  33.Because f(x) is O(g(x)), there are con-
stants C and / such that | f(x)| < C|g(x)| for x > /. Hence,
/500l < CHgh@)l for x > 1, s0 f*(x) is O(g*(x)) by tak-
ing the constant to be C¥. 35, Because f(x) and g(x) are
increasing and unbounded, we can assume f(x) > 1 and
g(x) > 1 for sufficiently large x. There are constants C and
k with f(x) < Cg(x) for x > k. This implies that log f(x) <
log C + log g(x) < 2log g(x) for sufficiently large x. Hence,
log f(x) is O(logg(x)). 37.By definition there are posi-
tive constraints C, C|, Cz, C3, ki, ki, kp, and k) such that
filx) = Cylg(x)| forall x > ky, fi(x) < Cilg(x)| forall x >
ki, fa(x) = Cslg(x)| for all x > ky, and fr(x) < C5lg(x)]
for all x > k}. Adding the first and third inequalities shows
that fi(x) + fo(x) > (C1 + C2)|g(x)| for all x > k where
k = max(ky, k2). Adding the second and fourth inequalities
shows that fi(x)+ fa(x) < (C] + C3)Ig(x)| for all x > &’
where k' = max(k], k;). Hence, fi(x)+ fo(x) is O(g(x)).
This is no longer true if f; and f, can assume negative val-
ues. 39.This is false. Let f; = x2 +2x, fo(x) = x> +x,
and g(x) = x%. Then f;(x) and f3(x) are both O(g(x)), but
(fi — f2)(x) is not.  41.Take f(n) to be the function with
f(n) =n if n is an odd positive integer and f(n) =1 if n
is an even positive integer and g(n) to be the function with
g(n) = 1if n is an odd positive integer and g(n) = n if n is an
even positive integer.  43. There are positive constants C,
Ca, C1, Cy, ku, K}, ky, and &} such that | fi(x)| > Cylgi(x)]
for all x > ki, | fi(x)| < C}lgi(x)] for all x > k|, | f2(x)| >
Calga(x)| for all x > ky, and | fo(x)| < C3lga(x)| for all
x > kj. Because f, and g, are never zero, the last two in-
equalities can be rewritten as |1/£2(x)| < (1/C2)|1/g2(x)|
for all x > k, and |1/£5(x)| > (1/C5)|1/gx(x)| for all x >
ky. Multiplying the first and rewritten fourth inequali-
ties shows that | 1(x)//2(x)| = (C1/C)Igi(x)/g2(x)! for all
x > max(ki, k}), and multiplying the second and rewritten
third inequalities gives | /1 (x)/ f2(x)] < (C/C2)lg1(x)/g2(x)]
for all x> max(k],k;). It follows that fi/f, is
big-Theta of g;/g». 45.There exist positive constants
Cy,Ca, ki, ky, ky, K, such that | f(x, y)| < Cilg(x, y)| for
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all x > k; and y > ky and |f(x, y)| > C,|g(x, y)| for all
x>k andy >k, 47.(x* +xy+xlogy) < (3x2%) =
27x%y% for x > 1 and y > 1, because x2 < xZy,xy <
x%y, and xlogy < x?y. Hence, (x*+xy+xlogy)® is
O(x®y?).  49. Forall positive real numbers x and y, |xy] <

xy. Hence, |xy] is O(xy) from the definition, taking C =1

and k1 =k =0. Sla)lim,_ o x?/x> =limy_ o 1/x =0
b) lim, oo “ = lim, o ‘L:g— =lim, o -5 =0 (using
L'Hopital’s rule) ¢) lime, oo 3 = lim; o ﬁ =1lim,_,

27&—2)2 =0 (using U'Hopital’s rule) d) lim, o x”)’(—i“ =

limeoo (I+1+5)=1#£0
53. 7

lim Xlogx _
xﬂnw 2 =0

X

xlogx
xlogx
2

X

55. No. Take f(x)=1/x* and g(x)=1/x. 57.a)Be-
cause limy_, f(x)/g(x) =0, |f(x)/lgx)| <1 for suf-
ficiently large x. Hence, |f(x)| < |g(x)| for x >k for
some constant k. Therefore, f(x) is O(g(x)). b)Let
f(x) =g(x) =x. Then f(x) is O(g(x)), but f(x) is not
o(g(x)) because f(x)/g(x)=1. 59.Because fy(x) is
o(g(x)), from Exercise 57(a) it follows that f>(x) is O(g(x)).
By Corollary 1, we have fi(x) + f2(x)is O(g(x)). 61. We
can easily show that (n — i) +1)>nfori=0,1,...,n— 1.
Hence, (n!y> =(n - 1)((n = 1)-2)-(n —2)-3)---2-(n —
1)) - (1 - n)>n". Therefore, 2logn! > nlogn. 63. Compute
that log5! ~ 6.9 and (5log5)/4 ~ 2.9, so the inequality
holds for n = 5. Assume n > 6. Because n! is the prod-
uct of all the integers from »n down to 1, we have n! >
n(n—1)(n—2)---[n/2] (because at least the term 2 is
missing). Note that there are more than n/2 terms in
this product, and each term is at least as big as n/2.
Therefore the product is greater than (n/2)/?. Taking
the log of both sides of the inequality, we have logn! >
log(%)"/2 = Zlog§ = 4(logn — 1) > (nlogn)/4, because
n >4 implies logn —1 > (logn)/2. 65.All are not
asymptotic.

Section 3.3

1.2n —1 3.Linear 5.0(n) 7. a)power:=1,y:=1;
i=1, power:=2, y:=3; i:=2, power:=4,y =15
b) 2n multiplications and n additions 9. a) 219" ~:10% 10°
b)10°  ¢)3.96x 107 d)3.16 x 10* €29 )12
11.a) 36 years b) 13 days c¢) 19 minutes 13. The av-
erage number of comparisons is (3n+ 4)/2. 15. O(logn)
17.0(m) 19.0(n?) 21.0(n) 23.0(n) 25.0(logn)
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comparisons; O(n?) swaps 27.a)doubles b) increases
by 1

Section 3.4

1.a) Yes b)No c¢) Yes d)No 3. Suppose that a | 5. Then
there exists an integer & such that ka = b. Because a(ck) = bc
itfollowsthata | bc. 5.1Ifa | bandb | a,there are integers c
andd suchthatb = acanda = bd.Hence,a = acd. Because
a # 0 it follows that cd = 1. Thus eitherc=d =1 orc =
d = —1. Hence, either a = b or a = —b. 7. Because ac |
be there is an integer & such that ack = bc. Hence, ak = b,
soa|b. 9.2)2,5 b)—11,10 ¢)34,7 d)77,0 €)0,0
00,3 g-1,2 h)4,0 1l.ifamodm =bmodm,
then @ and b have the same remainder when divided by m.
Hence, a =gqym +r and b = g,m +r, where 0 <r < m.
It follows that a — b = (g1 — g2)m, so m | (a — b). 1t fol-
lowsthata = b (mod m). 13. Thereis some b with (b — 1)
k < n < bk. Hence, (b — 1)k <n — 1 < bk. Divide by k to
obtainb —1 <n/k <bandb—1 < (n—1)/k < b. Hence,
[n/kl=0b and [(n—1)/k]=b—-1. 15.x mod m if
xmodm < [m/2] and (x mod m)—m if x mod m >
[m/2] 17.a)1 b)2 ¢)3 d)9 19.a)No b)No
¢)Yes d)No 21.Let m =tn. Because a = b(modm)
there exists an integer s such that @ = b + sm. Hence, a =
b+ (st)n, so a=b(modn). 23.a)Let m=c=2,a=
0, and b=1. Then 0 =ac=bc=2 (mod2), but 0 =
a#b=1 (mod 2). b)Let m=5, a=b=3, c=1,
and d =6. Then 3=3 (mod5) and 1=6 (mod 5),
but3! =3 %4 =729 =3° (mod 5). 25. Because a =
b(modm), there exists an integer s such that a =
b+sm, so a—b=sm. Then a* —b* = (a — b)(a*~' +
a2b 4. abk 24 b, k> 2, is also a multiple
of m. It follows that a* = b* (modm). 27.a)7, 19, 7,
7,18,0 b) Take the next available space mod 31. 29.2,
6, 7, 10, 8, 2, 6, 7, 10, 8,... 31.a) GR QRW SDVV
JR b)QBABGCNFFTB ¢)QXUXMAHIIZX 33.4
35. The check digit of the ISBN for this book is valid because
1-0+2-04+3-74+4-2+5-84+6-84+7-0+8-0+9-
8+10-2=0(mod11).

Section 3.5

1. 29,71,97 prime; 21,111,143 not prime 3.a)2°-11
b)2-3%.7 ¢3° d)7-11-13 e)11-101 2-3%
5.7-13-37 5.28.3%.52.7 7. Suppose that log,3 =
a/bwherea,b € Z* and b # 0. Then 2¢/% = 3, 50 2% = 3%,
This violates the Fundamental Theorem of Arithmetic. Hence,
log, 3 is irrational. 9.3, 5, and 7 are primes of the de-
sired form.  11.1, 7, 11, 13, 17, 19, 23, 29 13. a) Yes
b)No ¢)Yes d)Yes 15. Suppose that n is not prime,
so that n = ab, where a and b are integers greater than 1.
Because a > 1, by the identity in the hint, 2* — 1 is a fac-
tor of 2" — 1 that is greater than 1, and the second factor
in this identity is also greater than 1. Hence, 2" — 1 is not
prime. 17.2)2 b)4 «¢) 12 19.¢(p") = p* — p*!
21.2)3%.5°  b)1  ¢)237  d)41-43.53 el
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111 23.2)2"1.37.5°.73  b)2°.37.5 .7 .11
13-17 ¢) 233! d)41-43.53 e) 212313517721
f) Undefined 25. ged (92928, 123552) = 1056; lem(92928,
123552) = 10,872,576; both products are 11,481,440,256.
27. Because min(x, y) + max(x, y) = x + y, the exponent of
pi in the prime factorization of ged(a, b)- lem(a, b) is the
sum of the exponents of p; in the prime factorizations of a
and b. 29.a)a, =1 if n is prime and a, = 0 otherwise.
b) a, is the smallest prime factor of n witha; = 1. ¢)a,
is the number of positive divisors of n. d)a, =1 if n has
no divisors that are perfect squares greater than 1 and a, = 0
otherwise. e) a, is the largest prime less than or equal to 7.
f) a, is the product of the first n — 1 primes.  31. Because
every second integer is divisible by 2, the product is divisible
by 2. Because every third integer is divisible by 3, the product
is divisible by 3. Therefore the product has both 2 and 3 in
its prime factorization and is therefore divisible by 3 -2 = 6.
33.n = 1601 is a counterexample.  35. Suppose that there
are only finitely many primes of the form 4k + 3, namely
41,92, ---,qn, Where g1 =3, g, =7, and so on. Let Q =
49192 - - -q, — 1. Note that Q is of the form 4k + 3 (where
k=qq,---g, —1). If Q is prime, then we have found a
prime of the desired form different from all those listed. If
. Q is not prime, then Q has at least one prime factor not in
the list q1, g2, . . ., gu, because the remainder when Q is di-
videdbyg;isq; — 1,andg; — 1 # 0. Because all odd primes
are either of the form 4k + 1 or of the form 4k + 3, and the
product of primes of the form 4k + 1 is also of this form (be-
cause (4k + 1)(4m + 1) = 4(4km + k + m) + 1), there must
be a factor of Q of the form 4k 4 3 different from the primes
we listed.  37. Given a positive integer x, we show that there
is exactly one positive rational number m/n (in lowest terms)
such that K (m/n) = x. From the prime factorization of x, read
off the m and n such that K (m/n) = x. The primes that occur
to even powers are the primes that occur in the prime factor-
ization of m, with the exponents being half the corresponding
exponents in x; and the primes that occur to odd powers are
the primes that occur in the prime factorization of n, with the
exponents being half of one more than the exponents in x.

Section 3.6

1.a) 1110 0111  b) 1 0001 10110100  ¢) 10111 1101
01101100 3.a)31 b) 513 c) 341 d) 26,896
S.a) 1000 0000 1110 b) 10011 0101 1010 1011 ¢) 1010
1011 1011 1010  d) 1101 1110 1111 1010 11001110 1101
7.10101011 11001101 11101111 9. (B7B);¢ 11. Adding
up to three leading Os if necessary, write the binary ex-
pansion as (... b23b2b21b20b13b12b11b10bo3bo2bo1boo)2. The
value of this numeral is byy + 2by; + 4bo; + 8bo3 +
2%b1o + 2°b11 + 20b15 + 27by3 + 28bag + 2°B5; + 210y, +
21pys + ..., which we can rewrite as bgy + 2bo; +4bg2 +
8bos + (b1o + 2by) +4b1 + 8by3) - 244 (bao + 2by) +4byy +
8b23) - 28 + ... Now (bi3biobi1bi), translates into the
hexadecimal digit ;. So our number is ho+ Ak -2* +
hy- 284 ... =ho+h;-164+hy- 16>+ ..., which is the
hexadecimal expansion (... h1hg)1e.  13. Group together
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blocks of three binary digits, adding up to two initial Os if
necessary, and translate each block of three binary digits
into a single octal digit. 15.(111011100101011010001),,
(1273)s  17. Convert the given octal numeral to binary
using Exercise 14, then convert from binary to hexadeci-
mal using Example 6. 19.436 21.27 23.a)6 b)3
c)11 d)3 e40 f)12 25. 8 27. The binary ex-
pansion of the integer is the unique such sum. 29.Leta =
(@n_1an_3...a1ap)10. Thena = 10""'a,_; + 10" 2%a,_,
+ - 4+10a1+ap=ay_1 +a,—2+ -+ +a; +ap(mod 3),
because 10/ = 1(mod 3) for all nonnegative integers j. It
follows that 3 | a if and only if 3 divides the sum of the
decimal digits of a.  31. Leta = (a,—1a,—3 . ..ajag),. Then
a=ay+2a+2a+ - +2" g, =ap—a; + a—
az+ -+t a,_;(mod 3). It follows that a is divisible by
3 if and only if the sum of the binary digits in the even-
numbered positions minus the sum of the binary digits in
the odd-numbered positions is divisible by 3. 33.a) —6
b)13 ¢)—14 d)0 35.The one’s complement of the
sum is found by adding the one’s complements of the two
integers except that a carry in the leading bit is used as a
carry to the last bit of the sum. 37.1f m > 0, then the
leading bit a,_; of the one’s complement expansion of m
is 0 and the formula reads m = Y"'~7 a;2". This is correct
because the right-hand side is the binary expansion of m.
When m is negative, the leading bit a,_; of the one’s com-
plement expansion of m is 1. The remaining » — 1 bits can
be obtained by subtracting —m from 111...1 (where there
are n — 1 1s), because subtracting a bit from 1 is the same
as complementing it. Hence, the bit string a,_; ... ao is the
binary expansion of (2"~! — 1) — (—m). Solving the equa-
tion (2"~ — 1) — (=m) = YI=7 a;2' for m gives the desired
equation because a,_; = 1. 39.a) -7 b)13 c¢)-15
d) —1 41. To obtain the two’s complement representation
of the sum of two integers, add their two’s complement repre-
sentations (as binary integers are added) and ignore any carry
out of the leftmost column. However, the answer is invalid if
an overflow has occurred. This happens when the leftmost dig-
its in the two’s complement representation of the two terms
agree and the leftmost digit of the answer differs. 43.1f
m > 0, then the leading bit a,_; is 0 and the formula reads
m= Z,’:OZ a;2". This is correct because the right-hand side
is the binary expansion of m. If m < 0, its two’s complement
expansion has 1 as its leading bit and the remaining n — 1 bits
are the binary expansion of 2"~! — (—m). This means that
@'Y = (—=m) = Y72 4;2". Solving for m gives the desired
equation because a,—; = 1. 45.4n
47. procedure Cantor(x: positive integer)

n:=1f:=1

while(n+1) - f <x

begin

n:=n+1
fi=f-n

end

yi=x

while n > 0

begin
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ay = |y/f]
yi=y—a, - f
f=/fIn
n:=n-1

end {x =a,n! +a,_1(n— D' +---4+a1!}
49.Firststep: ¢ = 0,d = 0,59 = 1;secondstep:c = 0,d = 1,
51 = 0; third step: ¢ = 1, d = 1, s, = 0; fourth step: ¢ = 1,
d =1, s3 =0; fifth step: c =1, d =1, s4 = 1; sixth step:
c=1,55=1
51. procedure subtract(a, b: positive integers, a > b,
a = (an-1ap-2 - .. a149)2,
b= (bn—lbn—z e blbO)Z)
B := 0 {B is the borrow}
for j:=0ton—1

begin

ifa; > b; + B then

begin
Sj = aj —bj - B
B:=0

end

else

begin
Sj :=llj+2—bj—B
B:=1

end

end {(s,—15,—2 - . . 5150)2 is the difference}
53. procedure compare(a, b: positive integers,

a = (anay-1...a10)2,
b = (byby-1 .. -blbO)Z)
k:=n

while ¢,y = by and k > 0
ki=k-1

if ay = by then print “a eqfals b”

if a, > by then print “a is greater than b”

if a; < by then print “a is less than b”
55.0(logn) 57. The only time-consuming part of the algo-
rithm is the while loop, which is iterated g times. The work
done inside is a subtraction of integers no bigger than a, which
has log a bits. The result now follows from Example 8.

Section 3.7

Layl=(-1)-10+1-11
Q) 12=(-1)-36+48

b) 1 =21-21+(-10)-44
d)1 =13-55+(-21)-34
e)3=11-2134(-20)-117 )223=1-04+1-223
g) 1 =37-2347 4+ (-706) - 123 h) 2=1128 - 3454 +
(—835) - 4666 i) 1 = 2468 - 9999 + (—2221)- 11111
3.15-7=105=1(mod 26) 5.7 7.52 9.Suppose
that b and c are both inverses of a modulo m. Then ba =
1 (mod m) and ca = 1 (mod m). Hence, ba = ca (mod m).
Because ged(a, m) =1 it follows by Theorem 2 that b =
c(mod m). 11.x =8 (mod 9) 13.Let m' = m/ ged(c, m).
Because all the common factors of m and ¢ are divided out of
m to obtain m’, it follows that m’ and c are relatively prime.
Because m divides (ac — bc) = (a — b)c, it follows that m’
divides (@ — b)c. By Lemma 1, we see that m’ divides a — b,
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soa = b(mod m'). 15. Suppose that x> = 1 (mod p).
Then p divides x2 — 1 = (x + 1)(x — 1). By Lemma 2 it
follows that p | (x + 1) or p | (x — 1), so x = —1 (mod p)
or x = 1(mod p). 17.a) Suppose that ia = ja (mod p),
where 1 <i < j < p. Then p divides ja —ia = a(j —i).
By Theorem 1, because a is not divisible by p, p divides j — i,
which is impossible because j — i is a positive integer less
than p. b) By part(a), becausenotwo ofa, 24, ..., (p — )a
are congruent modulo p, each must be congruent to a differ-
ent number from 1 to p — 1. It follows thata -2a -3a - - - -
(p—-1)-a=1-2-3- ... -(p—1) (mod p). It follows that
(p—D!-a?! = (p-1)! (mod p). ¢) By Wilson’s
Theorem and part (b), if p does not divide a, it follows that
(=1)-a?~! = —1 (mod p). Hence, a?~! = 1 (mod p). d) If
pla,then p|a”. Hence, a? =a =0 (mod p). If p does
not divide a, then a?~! =a (mod p), by part (c). Mul-
tiplying both sides of this congruence by a gives a” = a
(mod p). 19. All integers of the form 323 + 330k, where
k is an integer 21. All integers of the form 16 + 252k,
where & is an integer  23. Suppose that p is a prime ap-
pearing in the prime factorization of mm, - - - m,. Because
the m;s are relatively prime, p is a factor of exactly one
of the m;s, say m;. Because m; divides a — b, it follows
that @ < b has the factor p in its prime factorization to a
power at least as large as the power to which it appears in
the prime factorization of m;. It follows that m;m; - --m,
divides a —b, so a=b (mod mymy---m,). 25.x =1
(mod 6)  27.a) By Fermat’s Little Theorem, we have 20 =
1 (mod 11). Hence, 23 = (2'9* = 1** = 1 (mod 11).
b) Because 32=1 (mod 31), it follows that 2340 =
(258 =32%=1% =1 (mod31). c)Because1lland3l
are relatively prime, and 11 - 31 = 341, it follows by parts (a)
and (b) and Exercise 23 that 23% = 1 (mod 341). 29.a) 3,
4,8 b)983 31.First, 2047 = 23 - 89 is composite. Write
2047 —1=2046=2-1023,s0 s = 1 and ¢ = 1023 in the
definition. Then 2192 = (2% = 2048” = 1% = |
(mod 2047), as desired.  33. We must show that %% = |
(mod 2821) for all b relatively prime to 2821. Note that
2821 =7-13-31,and if ged(b, 2821) = 1, then ged(b, 7) =
ged(b, 13) = ged(b, 31) = 1. Using Fermat’s Little Theorem
we find that =1 (mod7), b'>=1 (mod 13), and
b = 1 (mod 31). It follows that p¥2 = (p5)*" = |
(mod 7), »¥0 =52 =1 (mod 13), and  p%? =
(b*** =1 (mod 31). By Exercise 23 (or the Chinese Re-
mainder Theorem) it follows that %% =1 (mod 2821),
as desired.  35.a) If we multiply out this expression, we
get n = 1296m> 4 396m? + 36m + 1. Clearly 6m |n — 1,
12m |n — 1, and 18m |n — 1. Therefore, the conditions of
Exercise 34 are met, and we conclude that n is a Carmichael
number. b) Letting m =51 gives n=172,947,529.
37.0=(0,0), 1 =(1,1), 2=1(2,2), 3=(0,3), 4 =(1,4),
5=(2,0), 6=(0,1), 7=(1,2), 8=(2,3), 9=1(0,4),
10=(1,0), 11=(2,1), 12=(0,2), 13=(1,3), 14=
(2,4) 39.We have m; =99, my =98, my; =97, and
m4 =95,s0m =99 -98-97-95 = 89,403,930. We find that
My =m/m; =903,070, M, =m/m; =912,285, M3 =
m/m3 = 921,690, and My = m/m4 = 941,094. Using the
Euclidean algorithm, we compute that y; =37, y, =33,
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y3 =24, and ys =4 are inverses of M; modulo m; for
k=1, 2, 3, 4, respectively. It follows that the solution is
65-903,070-3742-912,285-33+51-921,690 - 24 + 10 -
941,094 - 4=3,397,886,480 = 537,140 (mod 89,403,930).
41.By Exercise 40 it follows that ged(2® —1,(2¢ —1)
mod (2% — 1)) = ged(2® — 1, 2¢™94b _ 1), Because the expo-
nents involved in the calculation are b and a mod b, the same
as the quantities involved in computing ged(a, b), the steps
used by the Euclidean algorithm to compute ged(2¢ — 1,20 —
1) run in parallel to those used to compute ged(a, b) and
show that ged(29 — 1,20 — 1) = 28°4@h) _ 1 43, Suppose
that ¢ is an odd prime with ¢ |2” — 1. By Fermat’s
Little Theorem, ¢ | 29! — 1. From Exercise 41, ged(2? —
1,2971 — 1) = 2e<dlPa=1) _ |, Because ¢ is a common di-
visor of 27 — 1 and 297" —1,ged(2? — 1,297 — 1) > 1.
Hence, ged(p, ¢ — 1) = p, because the only other possibility,
namely, ged(p, ¢ — 1) = 1, givesus ged(2? — 1,297 — 1) =
1. Hence, p | ¢ — 1, and therefore there is a positive inte-
ger m such that ¢ — 1 = mp. Because ¢ is odd, m must be
even, say, m = 2k, and so every prime divisor of 27 — 1
is of the form 2kp + 1. Furthermore, the product of num-
bers of this form is also of this form. Therefore, all divi-
sors of 27 — 1 are of this form. 45. Suppose we know
both n = pg and (p — 1)(¢ — 1). To find p and ¢, first note
that (p—1)g—-D=pg—p—qg+l=n—(p+q)+1
From this we can find § = (p 4+ ¢). Because ¢ =5 — p,
we have n = p(s — p). Hence, p? — ps +n = 0. We now
can use the quadratic formula to find p. Once we have
found p, we can find ¢ because ¢ =n/p. 47.SILVER
49.34 . 144 4-(-55)-89 =1
51. procedure extended Euclidean (a, b: positive
integers)
X:=a
y:=b
oldolds =1
olds :==0
oldoldt := 0
oldt :=1
while y # 0
begin
q:=xdivy
r = x mod y
x:=y
yi=r
s := oldolds — q - olds
t := oldoldt — q - oldt
oldolds := olds
oldoldt := oldt
olds :=s
oldt ==t
end {gcd(a, b) is x, and (oldolds)a + (oldoldt)b = x}
53. Assume that s is a solution of x?=a (mod p).
Then because (—s)? = s2, —s is also a solution. Further-
more, s # —s (mod p). Otherwise, p | 2s, which implies
that p|s, and this implies, using the original assump-
tion, that p | a, which is a contradiction. Furthermore, if
s and ¢ are incongruent solutions modulo p, then because
52 =t (mod p), p | (s* — t?). This implies that p | (s + 1)

Answers to Odd-Numbered Exercises  S-23

(s—t),and by Lemma 2, p|(s—¢t)or p|(s+1),s0 s =
t (mod p) or s = —¢ (mod p). Hence, there are at most two
solutions.  55. The value of (%) depends only on whether
a is a quadratic residue modulo p, that is, whether x? =
a(mod p) has a solution. Because this depends only on the
equivalence class of @ modulo p, it follows that (%) =

by ; — H a\(b
((;)7[)1/f2 a( j bz(mod p().i1 57. Bﬂyb Exercise 56, (;)(;) =
aP=V2p(r=D12 = (gp)P=1/2 = (7) (mod p). 59.x =8, 13,
22, or 27 (mod 35)  61. Suppose that we use a prime for 7.
To find a private decryption key from the corresponding pub-
lic encryption key e, one would need to find-a number d that
is an inverse for e modulo n — 1 so that the calculation shown
before Example 12 can go through. But finding such a d is
easy using the Euclidean algorithm, because the person doing
this would already know n — 1. In particular, to find 4, one can
work backward through the steps of the Euclidean algorithm
to express 1 as a linear combination of e and n — 1; then d is
the coefficient of e in this linear combination.

Section 3.8

1

l.a)3 x4 b) | 4 c)[2 0 4 6] d) 1

3

91 2 1 ol ] B2 2 -3
101 2 18 1 0 2
143 9 —4 4
13 6 7

94 15 -4 1 -1 975 —6/5]
3 10 2 -3 —1/5 4/5
0 2 -8 6
1 -8 18 -13

7.0+A=[0+a,]=[a;+0]=0+A  9.A+B+

©) = [ayj + (b +¢;p)] = [(a;j + bij) + c;j] =(A+B) + C
11. The number of rows of A equals the number of columns
of B, and the number of columns of A equals the number

13. ABC) = [ X, a1y (X, byrcn) ] =
[Zqzraiqbqrcrl] = [Zrzq“iqbqrcﬂ] = [Zr

,, 1 n
(aniqbq,)c,,]=(AB)C 15. A =[0 1} 17. ) Let

A= [a,«j] and B = [b,]] Then A+B= [a,-j + b,‘/']‘ We

have (A +B) = [(lj,' + bﬁ] = [aj,'] + [bj,'] = A"+ B.

b) Using the same notation as in part (a), we have

B'A' = [Zq bq,-ajq] = [Zq a,-qbq,-] = (AB)', because the

(i, j)th entry is the (j, i)th entry of AB.  19. The result fol-
a b d -b ad —bc 0

lows because [c } [ ]:[ ] =

of rows of B.

di|-c a 0 ad—bc
| d —bfla b neA—Ivn
(ad — bo)I = [—c a [c al 2LLAMATY =
AA--(A(AA™HA...A7HA! by the associative law.
Because AA™! =1, working from the inside shows that

A"(A7Yy" = 1. Similarly (A~')"A” = I Therefore (A")~! =
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(A 23. There are m, multiplications used to find
each of the mmj3 entries of the product. Hence, m mym;
multiplications are used.  25. Aj((A2A3)Ay) 27.x; =1,
Xy = —1, X3 = -2 .

Var; | b)o o 1 901 1
11 100 11
101 00 1 10

3La)ry o o by oo 971 0 0
10 10 1 11
101 110 111

33.a) AVB = [a,-j \/b,'j] = [b,‘j \/a,~j] =BVA b)AAB=
[a;_,/\b,,-]:[b;jAaij]=BAA 35.a)AV(B/\C) =
laij] v [bij Acij] = lay; Vv (b A ci))] = [(a; V byj) A
(aij Vv ci)] = lai; V bij] Alaij veijl=(AVB)A(AvVC)
b)AABVC) = [ay]Albi Vel = [a; Abij Vi) =
[(aij A bij) V(aij Acij)] = [ai; A bij1Vvlaij Aeijl=(AA
B)V(AAC) 3.AOQBOC)= [an,-q/\(v,(bq,/\

cﬂ))] = [Vq V, (aig Abyr /\Crl)] = [Vr V, (aig Abgr /\c,,)] =
[v, (\/‘7 (aig A bq,)) A c,,] —(AOB)OC

Supplementary Exercises

1. a) procedure last max(ay, .. ., a,: integers)
max = a
last :=1
i:=2
whilei <n
begin
if a; > max then
begin
max = a;
last =i
end
i=i+1
end {/ast is the location of final occurrence of
largest integer in list}
b) 2n — 1 = O(n) comparisons
3. a) procedure pair zeros(bb; . . . by,: bit string,

n>2)

X :=b

yi=b

k=2
while (¢ < nand (x # 0 or y # 0))
begin

k:=k+1

x:i=y

yi=b
end

if (x = 0 and y = 0) then print “YES”
else print “NO”
b) O(n) comparisons
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S.a) and b)
procedure smallest and largest (a;, as, . . ., a,: integers)
min 1= a,
max := a
fori:=2ton
begin
if a; < min then min := q;
if a; > max then max := a;
end {min is the smallest integer among the input, and
max is the largest}
c)2n—2

7. Before any comparisons are done, there is a possibility that
each element could be the maximum and a possibility that it
could be the minimum. This means that there are 2n differ-
ent possibilities, and 2n — 2 of them have to be eliminated
through comparisons of elements, because we need to find
the unique maximum and the unique minimum. We classify
comparisons of two elements as “virgin” or “nonvirgin,” de-
pending on whether or not both elements being compared have
been in any previous comparison. A virgin comparison elim-
inates the possibility that the larger one is the minimum and
that the smaller one is the maximum; thus each virgin com-
parison eliminates two possibilities, but it clearly cannot do
more. A nonvirgin comparison must be between two elements
that are still in the running to be the maximum or two elements
that are still in the running to be the minimum, and at least
one of these elements must not be in the running for the other
category. For example, we might be comparing x and y, where
all we know is that x has been eliminated as the minimum.
If we find that x > y in this case, then only one possibility
has been ruled out—we now know that y is not the maximum.
Thus in the worst case, a nonvirgin comparison eliminates
only one possibility. (The cases of other nonvirgin compar-
isons are similar.) Now there are at most | /2] comparisons of
elements that have not been compared before, each removing
two possibilities; they remove 2|n/2] possibilities altogether.
Therefore we need 2n — 2 — 2| n/2] more comparisons that,
as we have argued, can remove only one possibility each, in
order to find the answers in the worst case, because 2n — 2
possibilities have to be eliminated. This gives us a total of
2n —2—2|n/2] + |n/2] comparisons in all. But 2n — 2 —
2ln/2] + n/2] =2n=2—|n/2] =2n =2+ [-n/2] =
[2n —n/21 =2 =[3n/2] — 2, as desired. 9. At end of
firstpass: 3, 1,4, 5, 2, 6; atend of second pass: 1, 3, 2, 4, 5, 6;
at end of third pass: 1,2, 3, 4, 5, 6; fourth pass finds nothing
to exchange and algorithm terminates  11. There are pos-
sibly as many as n passes through the list, and each pass
uses O(n) comparisons. Thus there are O(n?) comparisons
in all. 13.Because logn < n, we have (nlogn + n?)* <
(n* +n?) < (2n%)} = 8nS for all n > 0. This proves that
(nlogn +n?)* is O(n®), with witnesses C =8 and k =
0. 15.0(x%2%) 17.Notethat;’—"! =1 "T"% . % . % >
-1-1...1. % =% 19.522,-12,-29 21.Because
ac = bc (mod m) there is an integer k such that ac = bc +
km. Hence, a —b = km/c. Because a — b is an integer,
¢ | km. Letting d = ged(m, c), write ¢ = de. Because no
factor of e divides m/d, it follows that d | m and e | k.
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Thus a — b = (k/e)(m/d), where k/e € Z and m/d € Z.
Thereforea = b (mod m/d). 23.1 25.1
27. (a,,a,,Al e alao)]o = ZZ:O 10"ak = ZZ:O ay (mod 9)
because 10% = 1(mod9) for every nonnegative integer .
29. If not, then suppose that gy, g2, .. ., g, are all the primes
of the form 6k + 5. Let Q = 6414, -+ - g, — 1. Note that Q
is of the form 6k + 5, where k = q1q2---q, — 1. Let Q =
p1p2 -+ p; be the prime factorization of Q. No p; is 2, 3, or
any q;, because the remainder when Q is divided by 2 is 1,
by 3 is 2, and by g; is ¢; — 1. All odd primes other than 3
are of the form 6k + 1 or 6k + 5, and the product of primes
of the form 6k + 1 is also of this form. Therefore at least
one of the p;’s must be of the form 6k + 5, a contradiction.
31. a) Not mutually relatively prime  b) Mutually relatively
prime  ¢) Mutually relatively prime ~ d) Mutually relatively
prime  33.a) The decryption function is g(q) = a(g — b)
mod 26, where a is an inverse of @ modulo 26. b) PLEASE
SEND MONEY  35.x =28 (mod 30) 37.Recall that
a nonconstant polynomial can take on the same value only a
finite number of times. Thus f can take on the values 0 and
%1 only finitely many times, so if there is not some y such
that f(y) is composite, then there must be some x, such that
% f(xo) is prime, say p. Look at f(xq + kp). When we plug
xo + kp in for x in the polynomial and multiply it out, every
term will contain a factor of p except for the terms that form
[ (xo). Therefore f(xo + kp) = f(xo) + mp = (m £ 1)p for
some integer m. As k varies, this value can be 0, p, or — p only
finitely many times; therefore it must be a composite number
for some values of k. 39. Assume that every even integer
greater than 2 is the sum of two primes, and let n be an integer
greater than 5. If n is odd, write n = 3 + (n — 3) and decom-
pose n — 3 = p + g into the sum of two primes; if  is even,
then write n =2 4 (n — 2) and decompose n —2 = p +¢
into the sum of two primes. For the converse, assume that ev-
ery integer greater than 5 is the sum of three primes, and let
n be an even integer greater than 2. Write n + 2 as the sum of
three primes, one of which is necessarily 2, son +2 =2 +

p+q,whence n=p+gq. 41.AY = [(1) (1)

0 1| o2 _|-1 O miz _ |0 —1
[—1 o]A =lo AT o

n>0 43.SupposethatA:[tc1 b].LetB:[O IJ.

4n+1
’An+:

d 00
Because AB = BA, it follows thatc = 0 anda = d. Let B =

[(1) g] . Because AB = BA, it follows that » = 0. Hence,

a 0
A=[0 a]:al.

45. procedure triangular matrix multiplication(A, B:
upper triangular n x n matrices, A = [a;,-],
B = [b;])
fori:==1ton
for j:=iton
begin
Cjj = 0
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fork:=itoj
Cij = cij + aikbyy
end

47.(AB)B'A™") = ABB™HA™! = AIA"!' = AA"! =
L Similarly, (B-'A~')(AB) = I. Hence, (AB)™! = B~!A"1.
49.a) LetAO 0 = [b,j] Then b,‘j = (a“ AQ)V--. v (a,-p A
0) = 0. Hence, A©0=0. Similarly 00A=0. b)AvV
0=1[a;Vv0]= [a,-j] = A.Hence AV 0 = A. Similarly 0 v
A=A ¢AA0=[a;A0]=[0]=0. Hence AAO=
0. Similarly 0 AA = 0. 51. We assume that someone has
chosen a positive integer less than 2", which we are to guess.
We ask the person to write the number in binary, using leading
0s if necessary to make it 7 bits long. We then ask “Is the first
bita 1?”, “Is the second bit a 1?”, “Is the third bita 1?”, and so
on. After we know the answers to these n questions, we will
know the number, because we will know its binary expansion.

CHAPTER 4

Section 4.1

1. Let P(n) be the statement that the train stops at sta-
tion n. Basis step: We are told that P(1) is true. Induc-
tive step: We are told that P(n) implies P(n + 1) for each
n > 1. Therefore by the principle of mathematical induc-
tion, P(n) is true for all positive integers n. 3.a) 12 =
1-2-3/6  b)Both sides of P(1) shown in part (a) equal 1.
Q) 124224 4 k2 = k(k+ 1)k + 1)/6 d) For each
k > 1 that P(k) implies P(k + 1); in other words, that as-
suming the inductive hypothesis [see part (c)] we can show
P+24 -+ B2+ k+ 172 = (k+ )k +2)2k +3)/6
(12 + 22+ - + )+ (k4 12 =[k(k + D2k +
/6] + (k + 1> =[(k + 1)/6][kQk + 1) + 6(k +
DI=[(k + 1)/6]Qk* + Tk + 6)=[(k + 1)/6](k +
2)2k +3) = (k+ 1)(k +2)(2k +3)/6 ) We have com-
pleted both the basis step and the inductive step, so by
the principle of mathematical induction, the statement
is true for every positive integer n. 5.Let P(n) be
P43+ Q4+ 1D =0+ D2+ 1)2n+3)/3”
Basis step: P(0) is true because 12=1=(0+1)2 -0+
1)(2 - 0+ 3)/3. Inductive step: Assume that P (k) is true. Then
P43 k12 R+ D +1P = (k+ D2k +
D@k + 3)/3 + Qk + 3)F = 2k + 3k + DQk+
/3 + 2k + 3)]=(2k + 3)2K* + % + 10)/3=
2k + )2k + Sk + 2)/3=[k + 1) + 1][2(k +
1)+ 1][2(k + 1) + 3]/3. 7. Let P(n) be “Z?:o 3.5/ =
3(5"*!' —1)/4” Basis step: P(0) is true because
Z?:o 3.5/ =3=3(5' - 1)/4. Inductive step: Assume
that Y% 3.5/ =3(5' —1)/4. Then Y35 =
(Choe3+5) + 35K+ 1 =35+ 1 1)/443. 581 =
35 4 4.5 _1)/4 =352 1)/4. 9.a)2+4+
6+ --+2n=n(m+1) b)Basis step: 2=1-(1+1) is
true. Inductive step: Assume that 24+4 +6+--- 42k =
k(k+1). Then 2 +4 + 6 + -+ +2k) +2(k + 1) =
k(k+1)+2(k+1)=(k+ 1)(k+2). 11.a) Zj‘:l 1/2/ =



